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Abstract 

The emission of a scalar with low energy u, from a D (4 < D < 8) dimensional black 
hole with n charges is studied in both string and semiclassical calculations. In the lowest 
order in lu, the weak coupling string and semiclassical calculations agree provided that 
the Bekenstein-Hawking formula is valid and the effective central charge c e g = 6 for any 
D. When the next order in uj is considered however, there is no agreement between the 
two schemes unless D = 5, n = 3 or D = 4, n = 4. 
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1 Introduction 



It has been over twenty years since the Bekenstein-Hawking formula of black hole 
entropy was presented, but until very recently there has been no precise statistical me- 
chanics explanation of this. The possibility of a microscopic explanation of black hole 
entropy in terms of the counting of string states was first suggested a few years ago in [|TJ 
and was further developed in ||. In the past year we have seen, for certain black holes 
within the context of type II superstring theory, that the number of string states correctly 
gives the black hole entropy geometrically calculated using the Bekenstein-Hawking for- 
mula. First, this agreement was shown for a five dimensional (D = 5) black hole carrying 
three types of charge (n = 3) in the extremal configuration ||. Then it was extended 
to non-extremal configurations The agreement was also confirmed for D = 4, 

n = 4 black hole in both extremal and non-extremal configurations 0-0. The analysis 
in string theory is based on D-brane technology at weak coupling whereas black hole 
configurations are studied in the strong coupling regime. In the case of extremal black 
holes, which correspond to BPS saturated bound states of D-branes, there is a topological 
invariance which preserves the degeneracy of states as the coupling is varied. This is not 
the case, however, for non-BPS string configurations and non-extremal black holes.Q 

String theory knows not only about thermodynamic quantities such as entropy, but 
also about dynamical processes such as emission from a black hole. Emission processes 
inevitably include a non-extremal configuration in which a black hole emits, for example, 
scalar particles and falls into an energetically stable extremal configuration. Das and 



Mathur [i f calculated the emission rate of a scalar of energy oj from a system of D-branes 
which corresponds to the D = 5, n = 3 black hole and showed that the string calculation 
and the semiclassical black hole calculation agree under the condition, Tr <C Tl- (Tr, 
Tl are the temperatures of right moving modes and left moving modes, respectively.) 
Maldacena and Strominger [|l!| dropped the condition and showed in a semiclassical 
1 Recently, Maldacena showed that at sufficiently low energies the weak coupling calculation agrees 
with strong coupling black hole calculation for a class of near extremal five-dimensional black holes (hJ . 
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calculation that the absorption cross section factorizes as, 

p{u;/2T L )p{uj/2T R ) 

^abs OC , (1.1) 

where p(x) = (e x — l) -1 is the Bose distribution function, and Tjj is the Hawking tem- 
perature. They further showed that the corresponding emission rate, 

f uj \ d A k 

r = a absP [-) (i.2) 

agrees with the string calculation. In this agreement between the semiclassical calcula- 
tion and the string calculation, the factorizability of the absorption cross section in the 
semiclassical calculation is essential. (The factor p(u;/2Ti)p(a;/2Tfj), which is the prod- 
uct of the distribution of left moving modes and that of the right moving ones, naturally 
appears in the string calculation.) 

In order to extend the discussion to other values of D and n, let us introduce the 
parameter 

D-2 n . . 

A becomes zero only when D = 5, n = 3 and D = 4, n = 4H4<D<8. These 
two combinations of spacetime dimension and the number of charges are special because 
the corresponding black holes have a regular event horizon and finite horizon area in the 



extremal limit [I3~|[H 



In this paper we try to generalize the results explained above to the A 7^ case to see 
whether an effective string model can describe the properties of black holes in arbitrary 
(4 < D < 8) dimensions with different numbers of charges. A priori one might expect 
this to work because the Bekenstein-Hawking entropy is 0(h~ 1 ) and that is precisely the 
behavior of the entropy of a one dimensional gas of massless particles. As in |L5| the 
emission rate at lowest order in the energy is compared with the semiclassical calculation 
of Hawking radiation by using the result of fllfj. Now while Das and Mathur's work 



TTJ1 is based on D-brane technology, however, one can formulate the entire calculation of 
emission rate and absorption cross section for a D-dimensional black hole by considering 
an effective string model. For the purposes of this paper we do not need to specify how 



this effective string is built up of configurations of D-branes, NS-NS-branes, M-branes 
etc. We find that the Bekenstein-Hawking formula is recovered provided that the effective 
central charge c e s is six.0 Since c e s = 6 corresponds to the physical degrees of freedom 
in six dimensional string theory whilst the above is true for general D, 4 < D < 8, this 
result is somewhat puzzling. In the D = 5, n = 3 black hole which is described in terms 
of D-l-branes bound to D-5-branes there is some understanding of this effective value of 



the central charge A similar argument has also been given in the case of D = 4, 
n = 4 black hole |TB[ though there it appears to be more tentative.^ However in the 
general case it is unclear why one should have this value for the effective central charge. 

Since the string calculation of emission rate can be generalized to D- dimensions, it is 
natural to ask whether one can also generalize the calculation of |E| to .D- dimensions, 
i.e., whether the absorption cross section factorizes in arbitrary .D-dimensions as it does 
in five dimensions.^ We show that the factorization does not occur unless A = 0. This 
implies that the string calculation and the semiclassical calculation do not agree when 
A 7^ beyond the lowest order in u. Perhaps this is an indication that the model makes 
sense only in the A = case where indeed there is some explanation of why c e g = 6. 
However we hesitate to draw such a strong conclusion since there is no reason why one 
should believe that the weak coupling string calculation should agree beyond extremality 
even in the A = case.Q It was a surprise even there and the agreement of the lowest 
order in u calculation for A 7^ is also a surprise. What is not a surprise is the fact that 
it does not agree beyond the lowest order. 

In the next section, we introduce our model. We also derive some thermodynamic 
relations for later use. In section 3, we calculate the emission rate and the absorption 
cross section from a string configuration and from a black hole in D-dimensions, and 
see that the two results agree in the lowest order in energy if c e fr = 6 irrespective of D. 



2 The same conclusion has been reached by Halyo et al |T^1[0 for all black holes. 
3 For a different perspective, see and [ pp| . 

4 The absorption cross section factorizes also in D = 4, n = 4 case [f2l|| . 
5 Sec footnote 1. 
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In section 4, higher order contributions are considered and it is shown that the string 
calculation and the semiclassical calculation agree only when A = 0. We summarize our 
conclusions in the last section. 

2 The Effective String Model 

We consider a string configuration in type II (either A or B) theory, described by the 
sum of the world sheet a-model action, 

/ = 2^7/ d 2 o\^d a X»d p X»g^ (2.1) 

and the low energy effective action, 

S = ^- 2 J d 10 x^e- 2 f[R + •■■]. (2.2) 

The o"-model action I describes an effective string source for the background field con- 
figuration. We expand the metric around a black string background g° = r]^ + 0(k 2 ) 
as 

9ixv = 9% + V2nh^. (2.3) 

k is the ten-dimensional gravitational coupling constant, which is proportional to the 
string coupling constant g. The second term describes the propagation of the graviton. 
At strong coupling, g° should be the black string background in which gravitons propa- 
gate. At weak coupling, on the other hand, one can neglect 0(k 2 ) term and background 
spacetime becomes flat with a small fluctuation represented by the second term on the 
r.h.s. of eq.( |2.3| ), which describes the emission from the string. 

Let us look at the mass formula for a string with one dimension compactified on a 
circle of radius R (or the circumference L = 2ttR). 

E 2 = Q 2 L + 8irTN L = Q 2 R + 8nTN R , (2.4) 

where 

Ql=(n w LT- 2 -^)\ Ql=[n w LT+ 2 -^) 2 . (2.5) 
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T = l/2ira' is the fundamental string tension, n w is the winding number, n p is the Kaluza- 



Klein mode. The matching condition Nl — Nr = n w n p must be satisfied. Following p2 



and [23|, we make the long string approximation, 

jpf « 1. (2-6) 

The meaning of this will become clear soon. We split the energy E into that for the left 
movers and that for the right movers under the long string approximation, eq. ( |2.6| ), 

E L = l(E -E + P) = ^-N L + 0(L" 2 ), (2.7) 

1 2tt 
E R = -(E -Eo-P) = —N R + 0(L~ 2 ), (2.8) 

where E = n w LT 3> E LjR is the ground state energy, P = 2im p /L = E L — E R is the 
total momentum flowing along the string. El and Er describe the energy associated with 
the left and right moving oscillator excitations of the string. After rescaling n w L — > L, 
we have 

2n 

E = E + E L + E R = LT + -j-(N L + N R ) + 0(L- 2 ). (2.9) 

Since the black hole at strong coupling is expressed in terms of the string sitting at 
the origin, its mass should be given by M = E ~ LT in the lowest order. The fact 
£0 3> El,r under the long string approximation means that the oscillator excitations are 
small compared with the ground state energy. Thus we can expect that the excitations 
are sparsely distributed on the long string and that there is little interaction between 
them. 

In the weak coupling limit, the oscillator excitations can be considered as a one 
dimensional gas moving on the long string with independent left and right moving modes. 
We summarize its thermodynamics in the rest of this section. The emission of the graviton 
following the interaction of left and right movers is an effect of order k. (See eq.( [2.3|) .) In 
the lowest order, the right moving and the left moving sectors don't interact each other, 
but each sector is in thermal equilibrium at a temperature either Tl or Tr. Thus any 
thermodynamic quantity O can be split into two parts, Ol and Or, for the left and right 
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moving sectors, respectively. The free energy of a gas of one bosonic species is given by 
— ivLTl R / 12. We are studying a supersymmetric system with / bosonic species and / 
Majorana-fermionic ones. The effective central charge is c e fr = 3//2. Thus the total free 
energy is given by 



L,R 



--LTl R - 3 -f. 

12 L ' R 2 



The entropy is 



o _ dF h R_7t 3 

^L,R — — — —J^J-L,R ■ -J- 

oT L:R 6 2 



The energy of the system is 

El,r = Fl,r + T LtR S LyR = —LT[ R ■ - f. 
From the expressions above, we have the relations between T LjR , E L R and S^r, 



n —n 3 



(2.10) 



(2.11) 



(2.12) 



T, 



I8E 



L,R 



AS 



L,R 



L,R 



(2.13) 



' vr/L nfL 

When the total momentum is fixed, i.e., SP = 5E L —5E R = 0, we see SE\ P = 5E L +5E R 
2SEi = 25E R . Therefore we have, 



OS dS L 



dS 



R 



1 ( 1 1 

2 \T L + T R ] - 



T H dE 2dE L 2dE R 
There is one more useful relation, which is obtained from eqs.( p.l3|) and fl2.14| ), 
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(2.14) 



T T T, 



L-LR 



TTfL 



T H S. 



(2.15) 



Finally, from eqs.( p.7| ), (|2.8| ) and ( P-13| ), we recover the well known expression, 

fCeB 



S = S L + S F 



2tt, 



6 



R 



(2.16) 
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3 Lowest Order Analysis 



3.1 String Calculation 



Following ||11|| , we consider an emission process in which a right mover with momentum p 
and a left mover with momentum q collide and emit a scalar into the (D + l)-dimensional 
space, coming from graviton polarized in the compact directions, with momentum k. The 
^-matrix element for this process is 

S fi = (2n) 2 5 2 (p + q - k) - (3.1) 

'(2p L)(2q L)(2k V 9 ) 



Vg is the nine- dimensional spatial volume. A is the amplitude determined by I + S. We 



rescale X^ to X M = y2Tm'X fl in order to get the standard normalization of the kinetic 
term. Also we set the world sheet to be flat, i.e., j 013 = 5 al3 , 



J l -d a X»d a X v ^ v +kJ d a X»d a X v h^. (3.2) 



We consider the emission of graviton which is polarized, for example, in 6 and 7 directions 
(when D = 4). We also rescale he? to h e7 = /i 67 /v / 2, which gives the correct normalization 
of the kinetic term for in the low energy effective action, S, eq.( |2.2| ). This modifies 
the second term in eq.( |3.2| ), 

V2k J d a X 6 d a X 7 h 67 . (3.3) 

This fixes the strength of the interaction and gives, to lowest order, the amplitude, 
A = \[2np ■ q, as in [fTTfl . Thus we recover the 5-matrix element given in |lTJ when 
comparing to IIB compactified to five dimensions. Note that we have shown the duality 
between fundamental string and D-string by explicitly showing that the two formulations 
give the same S'-matrix element. We consider a Z)-dimensional spacetime obtained by the 
compactification on T 9 ~ D x Si with volume Vg^oL. The string of length L is wrapped 
around Si. One can calculate the emission rate of the scalar of energy u. The calculation 
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is given in |TTJ for D = 5 and the generalization to D-dimensions is straightforward. One 

gets, 

Lk 2 d f u \ f u \ d D ~ x k 

Here, k 2 d = k 2 /LVq^o — 8tcGd, Gb being the D- dimensional Newton's constant. The 
luminosity is given by 

P., = -j^^—)^— (3.5) 

= J^iyffl-* (^0). (3.6) 

In the last step, we expanded the Bose distribution functions in small u and used 
eq.(gTg). We also used the notation, \K\ 2 = {2ti) d - 2 uj- {d - 2) VL d 1 _ 2 , where VL D _ 2 = 



27r (D_1)/2 /r((D - l)/2) is the (D - 2) -dimensional area of the unit (D - 2)-sphere. 

Next, we consider an absorption process. The five dimensional case was worked out in 
23 ] . One can remove the restriction Tr <C Ti used in and generalize the calculation 



to the D- dimensional case. Since this is exactly the inverse process of the emission process 
considered above, we use the same notations. A scalar in (D + l)-dimensions with energy 
uj and no momentum in the string direction, polarized in (9 — D) -dimensional compact 
directions, is absorbed by a string, creating one left moving excitation with momentum 
p and one right moving excitation with momentum q. From the momentum conservation 
on the string world sheet, po = qo = uj/2. The absorption cross section is defined by 

a abs = (3.7) 

where 71 is the absorption rate, T = piu /T H )Vj^\ is the flux of incident wave. Vd-\ 
is the volume of non-compact (D — l)-dimensional spatial directions transverse to the 
string. The factor 2 comes from the interchange of polarizations assigned on the two 



string excitations. Following [p4 |, 1Z is given by. 



We included the distribution functions of the right and left moving excitations. R is 
the amplitude to excite the string to any one of the excited levels separated by AE = 

8 



(2tt/L) x 2 (see eg. (Eg)) 



We split the nine-dimensional spatial volume Vg into the product of the length of the 
string, L, the volume of (9 — D)-dimensional compact space, Vg_£>, and the volume of 
(D — l)-dimensional tangential space, Vd-i- Using k 2 = LVq-d^d, one obtains 

LkI p(u/2T L )p(u;/2T R ) 

C^abs = —— UJ . (3.10) 

4 p{u/T H ) 
3.2 Semiclassical Calculation 



Das et al studied a general D- dimensional metric of the form 

ds 2 D = -f{r)dt 2 + g{r)[dr 2 + r 2 dQ 2 D _ 2 ]. (3.11) 

This metric can describe D-dimensional black holes with arbitrary number of charges. 
They studied the propagation of a scalar field in this black hole background. The ab- 
sorption probability of s-wave is given by eq.(13) in [IB . 



I-4I 2 = |£p (3-12) 
from which one can calculate the luminosity, 

du UJ\A\ 2 du 2 1^1-2^ / m /oio\ 

Psc = o — UJfZ T ~ W- T h\ A \ = a hT h \K\ — [uj^ . 3.13 

27r e^' 1 " — 1 2tt 2tt 

By comparing it with the string calculation eq.(3.6), we obtain Ah = 16GdS/ f. This 



implies / = 4 (i.e. c e s = 6) irrespective of D in order for the Bekenstein-Hawking 
formula to hold. This conclusion is very general. No matter how many charges a black 
hole carries, and independent of D (4 < D < 8) the luminosity in the lowest order is 
reproduced by string theory calculation as long as c c g = 6. 



4 Higher Order Contribution 

A natural question at this point is what happens if we take account of not only the 
lowest order term in uj but also the higher order terms? For special cases, i.e., D = 5, 
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n 



3 |[2] and D = 4, n = 4 ||21||, it was shown that the absorption cross section factorizes 



into Bose distribution functions, 



0"abs 



\K\ 2 \A\ 



A H T H p{uj/2T L )p{uj/2T R ) 



' UJ 



D = 4,5. 



(4.1) 



AT L T R " p(uj/T h ) 
Note that the factor \K\ 2 converts the absorption probability |v4| 2 into the absorption 
cross section cr a b s . (The former is calculated for a spherical wave and the latter is for a 
plane wave.) So the emission rate is 

d D ~ l k A H T H / w \ / u \ d°- l k 



UJ 

aahsP [%) (2vr)^i 



P 



D = 4,5. (4.2) 



AT L T R r \2TJ r \2T R J (2tt) d - 1 
Eqs.([4.2|) and ( p.4|) agree including the constant factor, and so do eqs.(fO]) and ( |3.10| ), 
because Lk d /A = A H T H / 4T L T R by eq.( |2.15D and A H = 16GdS/ f. 

This is the motivation for us to try to generalize [12| to arbitrary D and n. In the 
semiclassical calculation in D-dimensions, we will calculate the absorption cross section, 
which appears in eq.( |4.2j ). In order to see an agreement with ( |3.10| ), o~ a b s must take the 
following form 



Cabs 



A H T H p(uj/2T L )p(uj/2T R ) 

uj- 

4T R T L 



A 



1 + 



UJ 



P(w/T H ) 
1 



+ 0(u £ 



uo 



0. 



(4.3) 
(4.4) 



48 T L T R 

The complete factorization as in (fO|) might be difficult to see because one has to include 
all the uj dependence. Instead of eq.( [4.3|) , we study the factorizability of a a b s up to 0{uj 2 ) 
for small uj as in eq.( |4.4| ). 

We study the propagation of a (neutral) scalar field <fi in the background of a D- 
dimensional black hole carrying n charges, 



ds 2 D 



-f-T^hdt 2 + f^(h~ l dr 2 + r 2 dVL 



2 1 

D-2)i 



where 



.-D-3 



1 - 



i=l 



(4.5) 



(4.6) 



Ti are charges, ro is the location of the horizon and it also works as a non-extremality 
parameter, (ro = corresponds to the extremal limit.) This form of metric was first 
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introduced by Cvetic and Tseytlin p5|] . (See also p6fl .) It covers various black hole 
configurations. For example, n = gives the Schwarzschild black hole in Z)-dimensions. 



D = 5, n = 3 and D = 4, n = 4 black holes are, of course, special cases of eq .( |4.5|) ||27|| . As 
in the case of D = 5, n = 3 and D = 4, n = 4 black holes, this D-dimensional black hole 
is assumed to be obtained from a (D + l)-dimensional black string by compactifying the 
string direction on a circle. It is sometimes convenient to use another set of parameters, 
a« and a, instead of r±, . . . , r n , 



D-3 
i 



r^sinh 2 ^ (z = 1, . . . , n - 1), (4.7) 
£-3 = r D - 3 sinhV (4.8) 



In the black string picture, r n corresponds to the momentum flowing along the black 
string, which is obtained by applying a boost to the string. The boost is parameterized 
by a. In the extremal limit tq 0, r n is kept fixed, i.e., a — > oo. We want to solve the 



wave equation for in the dilute gas approximation [[12 



r ,r n < n, . . . ,r n _i. (4.9) 

Under this approximation, the metric ( |4.5|) describes a black hole with mass 

M = M + (D - 3) 2 2 cosh 2<r. (4.10) 

The first term M = [(£> - l)^ 3 / 2 + (D — 3){rf ~ 3 + ■ • ■ + r^T 1 3 }]fi D _ 2 /2/« D corresponds 
to the ground state energy S i n eq. (|2.9| ). The second term corresponds to the oscillator 
excitation, El + Eft in eq.( p.9|) . Using the (D — 2)-dimensional area of the black hole 
horizon, 

A H = A D _ 2 = -^JL_n D _ 2) (4.11) 

47T 1 H 



one can calculate the Bekenstein-Hawking entropy, 



S = {D-3)%¥* (4.12) 



D-3 



where the Hawking temperature T# is given by 



TH .£ e l ro -^(^^)' D " ,2 ^ r . (4.13, 
47T cosher 
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From the black string point of view, the right moving oscillator excitations and the left 
moving ones are separately in equilibrium at temperatures; 

\ P-3J/2 



T, 



R 



Tr 



D-3 
Air 



D-3 



-(D-3)A 



-(D-3)X 



r 



Si ■ ■ -r n _i 



r 



(D-3)/2 



(4.14) 



(4.15) 



47T \ r l " ' r «-l / 

respectively. They give the connection between string theory quantities on the l.h.s. and 
black hole quantities on the r.h.s. The relation, eq. (|2.14|) , is satisfied. Note that one can 
determine the effective length of the string L from eq. ( |2.15|) , 



4 4 7T / 

~1 n _ q \ 



2\ \D-3 

r n ■ • -r n _i J O 



D-2- 



(4.16) 



KhfD-3 

We look for a spherically symmetric configuration of a scalar field <ft(t, r) = e~ tuJt R(r), 
which satisfies the wave equation, \J—g~ d^—gg^d^ = 0. g^ v is given in eq. ([4.5|) . The 
radial equation becomes, 



—*d-r kr cTr +Ujf 



R(r) = 0. 



(4.17) 



It seems extremely difficult, however, to solve it for arbitrary r. Following [fL2jl , we solve 
it separately in two regions, i.e., in the near zone, r < r m , and in the far zone, r > r m , 
where the matching point r m is chosen to satisfy 



r ,r n < r m < n, . . . ,r n _i. 



(4.18) 



Also we impose the low energy condition JT2] , 



1 1 

ri r n _! 



In the far zone, eq. (|4.17| ) becomes, 



+ 



(P-2)(P-4) 
4p 2 



^ = 0, 



where p = ujt and R = r ^ D 2 ^ 2 ip. It has two independent solutions 



(4.19) 



(4.20) 



(4.21) 
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G = y|p 1/2 iV (D _ 3)/2 (p), (4.22) 

which are the Bessel and Neumann functions respectively. The most general form of the 
solution is a linear combination of F and G with arbitrary constants a and f3, 



R = r^ D -^ 2 (aF + (3G) 



£ w l/2 -(£>-3)/2 



aJ(D-3)/2(ur) + (3N( D - 3 )/ 2 (ujr) . (4.23) 



In the limit r — > oo, i? becomes 

i? ~ 2 -V-^- 2 )/ 2 [e~^ («e i(D - 2)w/4 + /5e iD " /4 ) + (« e - i(D - 2)w/4 + /?e~^ /4 ) 

(4.24) 

The first term in the square brackets is the incoming part while the second term is the 
outgoing part. Near the matching point r m , 

Pu 1 ' 2 f^7 + hnW/2) 2^r(^) 



R 



D-2 



2^T 



D-l 



for D odd, and 



R 



D-3 ) D-5 

irr 2 2 2 



D-2 

au; 2 



r(fi=i) 

( — 1) 2 C(J2 



(cur) 



-D-3 
2 



-D-3 , 



(4.25) 



(4.26) 



.2-r(5=i) "r(£=i) 

for D even. The term multiplying a is common. Near the matching point, the term mul- 
tiplying f3 becomes divergent for both D odd and even, under the low energy condition, 

eq.flEigp. 



In the near zone, 



n-1 / x D-3 



n 



,n-l 



1 + 



r 



D-3 N 



ri • • -r n _i 

„n-l 



r 

D-3 



D-3 



+ V 



n / n • • ■ r n 



D-3 



v — ( r o/ r ) is a new radial variable. Eq. (|4.17|) becomes 



where 



5 

C 



c ( -) 

To J 



D-3 



C sinh a, 



D-3 



ri ■ • • r n -i 

r^n—l 



D-3 



(4.27) 

(4.28) 

(4.29) 
(4.30) 
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B and C are related to the temperatures, eqs.( |4.13D , ( [4.14| ) and ( |4.15| ) by 



AnT H \AtcJ T l T r 

Near the horizon, v ~ 1, we have the ingoing solution 



(4.31) 



= e -v^K71og(l-,) = (1 _ ^-iv^+S 



(4.32) 



which is independent of A. 

When r is in the near zone but not very close to the horizon ro, we assume the form 
of the solution to be, 

R = R z A F(z), z=l-v. (4.33) 

We require that F -»• 1 as z -> 0. Thus A = -iy/B + C. (See eq.(|Q^).) i? is 
a normalization constant to be determined by the matching condition. We look for a 
solution in series expansion 



F(z) = J2b n z n , 6o=l. 



(4.34) 



ra=0 



Substituting eqs. (|4.33| ) and Q4.34|) into eq.(fOSJ), we have a recurrence relation for b, 



n—l 



n(n 



+ 2A)b n = -J2 



m=0 



n — my. 



p-1) B + (k) 

n—m 

C]b m (n>l) 



(4.35) 



where k — 2A + 1. (A;) n is the Pochhammer symbol; (&)„ = A; (A; + 1) • • • (A: + n — 1), 
(A;)o = 1. We expand b n in powers of uj. b^ denotes a term of order 0{oj m ). Note 
A ~ 0(u) and B ~ C ~ 0(cj 2 ). Up to second order in uj, eq. (|4.35|) becomes 



n-l 



6(o) + 6 (i) + 6 W = _ y 

n 1 n 1 n / y 



[(A; - l) n . m B + (A;) n _ m q 6g) (n > 1). (4.36) 



By comparing both sides of the equation order by order, we get b^ = 0, bffl = 0, 6^ 2 - ) 
-£(fc - l) n /n 2 n\ - C(k) n /n 2 n\ (n > 1), or 



h = J±Jk B -^c + 0(uj 3 ) 



n 2 n\ 



n 2 n\ 



(n > 1). 



(4.37) 
(4.38) 
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R behaves near the matching point, z ~ 1 (i.e. v ~ 0), as 

oo 

R = RoY, b n + 0(v), V^O. 

n=0 



(4.39) 



The sum of b n takes the following form; 

f)6„ = l-B(*-l)£%i-C£^7 + 0C 
The matching condition is given by 



n=l 



n 2 n\ 



uj ' 



(4.40) 



n=0 ^ ^ 



r 



(4.41) 



We dropped the /3-dependent term by requiring a ^> (3. In order to calculate the absorp- 
tion probability, we study the conserved flux, which is defined by 



/ 



2% 



R*hr D ~ 2 — - c.c. 
dr 



dR 



(4.42) 



The incoming flux from infinity is given by the first term of eq.( [4.24| ) 

fin 



-4H 



(4.43) 



The absorbed flux is calculated from eqs.( [4.33"D and ( f4.34p at the horizon, z ~ 1. One 

gets 



abs 



£>-3r£ 



D-3 



-U)\Ro\ 



(4.44) 



4tt 

We used eq. (|4.31|) . Absorption probability is computed from eqs. (|4.41|) , (|4.43|) and (|4.44|) , 



\A\ 



U s D-3r°- 3 nu D - 2 L (D I 



fn 



4tt T h 2 d 



n=0 



(4.45) 



Using the factor \K\ 2 , one can calculate the absorption cross section, 

-2 



a abs = \K\ 2 \A\ 2 = A H 



n=0 



(4.46) 



Ah is given in eq.( 4.11 ). Combining eq. (|4.40| ) with eq. Q4.46Q , one gets 

(k) 



0"abs — Ah 



l + 2B(k-l)J2 



n=l 



+ 2cjr% + 0(uj 3 



(4.47) 
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This should be compared with eq.(fOj), 



0"abs — Ah 



1 + 2CC(2) + 0{J- 



(4.48) 



We used eq.flOID and ((2) = tt 2 /6. 

Notice that there is no B (or r n ) dependence in eq. fl4.48f ). Therefore, the B term in 
eq. (|4.47|) must vanish; 



(* -i)i; 



n=l 



(fc)n-l 

n 2 n\ 



0. 



(4.49) 



This equation has at least one solution, k — 1. 

0) When k = 1, eq. (|447D becomes a abs = A H [1 + 2CC(2) + 0(u 3 )), i.e., eq. (|448D is 
satisfied. 



This corresponds to A = 0, i.e., D = 5, n = 3 and D = 4, n = 4 cases fP2| f21 



If there is another value of ko which realizes the factorization, it has to satisfy the 
following two equations, 



(^o)n-i 



n=l 

f ^f = «2). 



n=l 



(4.50) 



(4.51) 



The first condition eliminates the -B-dependent term in eq.( f4.47| ). The second condition 
gives the right coefficient to the 0(uj 2 ) term. 

1) When k > (A > — 1/2), eq. (|4.50| ) is not satisfied because the l.h.s. becomes a sum 
of positive numbers. 

2) When -1 < k < (-1 < A < -1/2), eq. fl4.51|) is not satisfied because k < and 
k Q + 1 > mean, 

(4.52) 



g(fco)n =fco ^ (fco+l)n-l < Q 



n=l 



n=l 



n 2 n\ 



3) When fc is a negative integer (A = — 1, — 3/2, — 2, — 5/2, . . .), the sum in eq. ( |4.51| ) 
becomes a finite sum of rational numbers, which cannot be equal to an irrational number 
C(2). 

1) and 3) eliminate all the possibilities for D = 4, 5 except for A = (from result 0)). 
In fact, 

Ad=4 = 2 - \ = 2, ? 1, 1 0, ~ -1, . . . . (4.53) 
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3 n 3 1 1 , ,, 

As far as we know, k = 1 (A = 0) is the only possibility when factorization occurs. 
For negative non-integral ko's, possibilities of factorization have not been eliminated. 
However, it seems unlikely that eqs.( |4.50j ) and ( |4.51| ) are both satisfied. 



5 Summary 

We have compared the string calculation at weak coupling with the semiclassical 
calculation at strong coupling. The following is a summary of what we have learned. 

a) From the lowest order in uj calculation, we found that the Bekenstein-Hawking entropy 
is reproduced for arbitrary D (and n) provided that c e ff = 6. 

b) When A = (i.e., D = 5, n = 3 or D = 4, n = 4), there is agreement between the 
string calculation and the semiclassical one to all orders in uj with Cefr = 6 mil. 



c) For A > 0, — 1 < A < 0, A = —m/2 (m = 2,3,4, . . .), the emission rate in the string 
calculation and that in the semiclassical calculation don't agree beyond the lowest order 
in uj. 
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